Motivated by a recent experiment [K.C. Wright et. al. Phys. Rev. Lett. 110, 025302 (2013)], we investigate deterministic discontinuous jumps between quantized circulation states in a toroidally trapped Bose-Einstein condensate. These phase slips are induced by vortex excitations created by a rotating weak link. We analyze influence of a localized condensate density depletion and atomic superflows, governed by the rotating barrier, on the energetic and dynamical stability of the vortices in the ring-shaped condensate. We simulate in a three-dimensional dissipative mean field model the dynamics of the condensate using parameters similar to the experimental conditions. Moreover, we consider the dynamics of the stirred condensate far beyond the experimentally explored region and reveal surprising manifestations of complex vortex dynamics.
I. INTRODUCTION
Experimental realization of ultracold atomic "circuits" with a tunable weak link [1] [2] [3] [4] opens an intriguing perspective for fundamental studies of the superfluidity at the new level of control, manipulation, and measurement. A super-fluid ring with a weak link as well as a superconducting circuit with a Josephson junction can act as a nonlinear interferometer, allowing the construction of high-precision detectors such as superconducting quantum interference device (SQUID) magnetometers and superfluid gyroscopes. The fast response of the condensate phase winding on the variations in the rate of barrier angular velocity makes the atom SQUID ideal for future highly sensitive rotation-measurement devices [5] .
Bose-Einstein condensates (BECs) in toroidal traps are the subject of many experimental and theoretical investigations [6] [7] [8] [9] [10] [11] which study persistent currents [1, 12, 13] , weak links [2, 3] , solitary waves [8, 14] , and the decay of the persistent current via phase slips [15] [16] [17] in this doubly connected topology. A persistent atomic flow in a toroidal trap can be created by transferring angular momentum from optical fields [1, 3] or by stirring with a rotating barrier [3, 18] .
A controllable creation of the phase slips was achieved in experiment recently [3] by increasing the rotation rate of the barrier from zero up to Ω/2π ≤ 3 Hz. The experimental observations were treated in Ref. [3] within a 1D model which provides a good insight into the origin of the critical current inside the weak link, even though the width of the annulus in the experiment is of the same order as the radius of the trap. However, the analysis of the excitation and further dynamics of the vortices, which appear in the critical regime, is beyond the scope of 1D model. This calls for an analysis in a 2D or 3D model.
In the present work we investigate formation of the persistent current via the deterministic phase slips driven by the wide rotating barrier. The rotating barrier modifies the condensate density, creating a weak link, and induces the superflows in the ring-shaped condensate. We analyze an influence of both these factors on the energetic and dynamical stability of the vortices in the ringshaped condensate. We numerically simulate dynamic of the phase slips in the framework of time-dependent dissipative 3D Gross-Pitaevskii equation (GPE) for the parameters matched to the experimental conditions. We determine the minimal angular frequency and the minimal height of the barrier, which are needed for excitation of the persistent current under conditions of the experiment [3] . Furthermore, we consider the dynamics of the stirred condensate far beyond the experimentally explored region and reveal surprising manifestations of complex vortex dynamics.
II. MODEL
In the mean field approximation, the dynamics of a system of weakly interacting degenerate atoms close to thermodynamic equilibrium and subject to weak dissipation is described by the GPE [19, 20] 
Here γ ≪ 1 is a phenomenological dissipation parameter, andĤ = − 2 2M ∆ + V (r, t) the Hamiltonian; ∆ is the Laplace operator,g = 4π 2 a s /M is a coupling strength, M is the mass of the 23 Na atom, and a s = 2.75 nm is the s-wave scattering length. We assume that the temperature of the condensate is well below the condensation temperature: T ≪ T c . The chemical potential µ(t) of the equilibrium state in our dynamical simulations was adjusted at each time step so that the number of condensed particles slowly decays with time: N (t) = N (0)e −t/t0 , where t 0 = 10 s corresponds to the 1/e lifetime of the BEC reported in Ref. [12] .
The external potential V (r, t) = V t (r, z) + V b (r, t) involves the axially-symmetric, time-independent toroidal trap and the time-dependent potential of a rotating repulsive barrier V b (r, t).
As in Ref. [3] the trap is approximated by a harmonic potential
with r = x 2 + y 2 . The trap frequencies (ω r , ω z ) = 2π × (123, 600) Hz correspond to the oscillator lengths l r = /(M ω r ) = 1.84 µm and l z = 0.83 µm. Number of atoms N = 6·10
5 and chemical potential µ/h = 2 kHz. The radius of the ring trap is R = 19.23 µm.
In terms of harmonic oscillator units [t → ω r t,
(1) can be written in dimensionless form
with
rΨ the dimensionless wave-function, g = 4πa s /l r = 1.88 × 10 −2 the interaction constant. The parameters of the static potential V t (r, z) = (r − R) 2 /2 + κ 2 z 2 /2 are the dimensionless radius R = 10.4 and the ratio of oscillator frequencies κ = ω z /ω r = 4.88.
Experimentally [3] an effective time-averaged barrier was created by scanning the radial position of the bluedetuned laser beam across the condensate, with a scan amplitude greater than the width of the annulus. For simplicity, we assume a weak link described by a potential, which is homogeneous in radial direction across the toroidal condensate,
where r ⊥ = {x, y} is the radius-vector in (x, y) plane; the unit vector n(t) = {cos(Ωt), sin(Ωt)} points along the azimuth of the barrier maximum. The dimensionless parameter c = 1.85 was chosen to reproduce a 8 µm diameter (FWHM) of the scanning laser beam. The Heaviside theta function Θ in Eq. (4) assures a semiinfinite radial barrier potential starting at the trap axis. Note that the effective width of the barrier is much greater than the healing length at the peak density: ξ = 1/(8πa s n 0 ) = 0.32 µm, which gives in dimensionless units ξ =ξ/l r = 0.175. Following the experimental setup [3] the amplitude U (t) of the weak link varies in time: During the first 0.5 s the height U (t) of the potential barrier ramps up to a maximum value U b . For the next 0.5 s the amplitude of the barrier remains constant, and during the last 0.5 s the potential barrier ramps down. During the stirring period the penetrable barrier moves anti-clockwise with constant angular velocity Ω. Fig. 1(a) shows an isosurface of the density distribution of the toroidal condensate with the weak link. In Fig. 1(b) and (c) the y-dependence or z-dependence is integrated out, respectively. 
III. GROUND STATE OF THE TOROIDAL CONDENSATE AND ENERGETIC STABILITY OF THE VORTEX EXCITATIONS
In line with the experimental conditions we prepare a nonrotating state in the toroidal trap. We use the imaginary time-propagation method to find numerically the stationary solution of the Eq. Quantized circulation in a ring corresponds to an mcharged vortex line pinned to the center of the ring, where the vortex energy has a local minimum. The true ground state of the system in a non-rotating trap has charge m = 0, however, since the vortex core is confined by a potential barrier to the central hole of the condensate, even multi-charged (L z /N = m > 1) metastable vortex states has a very long life-time [15] .
It is instructive to estimate the energy variation of a vortex line when it is shifted from the central hole of the toroidal condensate through the weak link. Let us calculate the nucleation energy of a vortex line as a function of its spatial location, accounting for the condensate inhomogeneity caused by the trapping potential, the localized region of reduced superfluid density caused by the weak link, and the hole around the vortex core. Previously, a similar approximation was used for the analysis of the energetic stability of the vortex lines and vortex rings in a single-connected trap [21, 22] . First, using the imaginary time propagation method, we find numerically the non-rotating ground state density n GS = |Ψ GS (r)| 2 of a BEC for the given trapping potential and barrier height U (t) = U b =const, n = {1, 0} is the unit vector along the azimuth of the barrier maximum. Then we imprint the offset vortex line into the ground state and obtain the condensate density with imprinted vortex line: where A is the normalization constant introduced to preserve the number of atoms, m is the topological charge of the imprinted vortex line. We assume that the vortex line is parallel to the z-axis, and ρ(x, y) = (x − x 0 ) 2 + y 2 is the distance from the axis of the vortex core. We estimate the width of the vortex core by the healing length ξ at the peak density of the condensate. The ansatz (5) interpolates the condensate density properly both in the vicinity of the core, n ∼ ρ 2m if ρ → 0, as well away from the core, n ∼ n GS if ρ ≫ ξ. The total condensate energy without dissipation is given by the following functional:
Since the nucleation energy, E n = E v − E GS , is difference of the energy of the state with imprinted vortex line and the ground state energy, the main contribution to the nucleation E n energy is given by the kinetic energy of the vortex-induced superflow:
Using this ansatz (5) we obtain the nucleation energy for a vortex with m = 1 as the function of the vortex core coordinate E n (x 0 ) [see Fig. 2(b) ]. We consider the vortex line, shifted along the vector n, i.e. into the direction of lowest density of the weak link. As is seen from Fig. 2(b) , the nucleation energy has a local minimum at the axis of the trap, when there is no weak link (U b = 0). When U b grows, the nucleation energy of the vortex within the weak link decays. It is remarkable, that when a weak link appears the equilibrium position of the vortex core, which corresponds to the local minimum of E n (x 0 ), shifts from the center of the ring.
In our time-independent energetic analysis we do not account for the contribution to the vortex energy from the rotation of the weak link. Obviously, the rotating barrier governs the vortex dynamics by superflows induced in the ring condensate. In the next section we consider dynamics of the phase slips in the framework of the time-dependent dissipative GPE. However, some qualitative predictions can be obtained from analysis of the nucleation energy.
As was pointed out above, the local minima of E n (x 0 ) shifts from the axis of the trap in direction of the weak link. Thus, dynamically, one would expect that a negatively charged anti-vortex line approaches the inner surface of the ring condensate and penetrates deeper and deeper into the condensate annulus through the weak link, when the height U (t) of the rotating anti-clockwise barrier grows with time. From the outer edge of the ring the positively charged vortex is expected to penetrate into the weak link. Accounting on the spatial distribution of E n (x 0 ) one would expect that the vortex from the external side of the annulus penetrates deeper into the weak link, than the antivortex (having the same energy) from the inner side of the ring does.
Since the two vortices with opposite charges attract each other, a vortex dipole possesses a binding energy. Thus, if the antivortex from the inner side and the vortex from the outer side form a dipole, it gains an additional energy and nonzero linear momentum, while the angular momentum of the vortex dipole is equal to zero. The binding energy of the moving vortex dipole could be enough to overcome the energetic barrier, weakened by the weak link. It is reasonable to suggest that the formation of the vortex dipole, which eliminates the negative charge of the inner antivortex, drives the phase slip. These expectations from the energetic stability analysis of the vortex line, are confirmed by our numerical simulations of the time evolution of the condensate discussed in the next section.
IV. DYNAMICS OF THE PHASE SLIPS
In the experiment described in Ref. [3] the timeaveraged barrier is rotated for 1.5 s at a constant angular velocity Ω/2π ≤ 3 Hz, which is well below the angular frequency of sound propagating around the ring. For slow rotation rates pronounced quantized phase slips are observed at well-defined critical angular velocities. Here, we numerically simulate the generation of persistent currents via such phase slips driven by a wide rotating barrier using similar parameters as used experimental conditions of Ref. [3] .
Furthermore, we consider a broad spectrum of different angular frequencies Ω, including fast rotation of the barrier, and study the ensuing dynamics of the system. The number of vortices excited in the condensate increases with the rotation speed, and at high speeds we observe turbulent behavior. A toroidal condensate with a rapidly rotating weak link offers intriguing possibilities for the theoretical investigation of quantum turbulence with gain and loss in a quasi-2D geometry [23] .
A. Slowly rotating weak link Figure 3 illustrates a typical example of a 0 → 1 phase slip (Ω/2π = 2 Hz, U b /h = 1.3 kHz). A vortex line enters the weak link from the outside and travels towards the central hole. As expected from the predictions of the energetic stability analysis one observes the following: while the vortex traverses the weak link, a negativelycharged anti-vortex line from the central hole and the incoming vortex approach each other and create a vortexantivortex dipole (see Fig. 3 at t = 0.938 s) . This coupled pair of vortices circles clockwise inside the central hole until it reaches the region of the weak link. The moving dipole usually escapes from the central hole and finally decays, however, during the stirring time the vortex dipole can several times enter and leave the central hole of the ring through the weak link. If Ω and U b are just above some threshold values, vortex dipoles barely have the energy, which is necessary to overcome the potential barrier in the region of the weak link. The vortex is therefore drawn into the central hole of the ring. Thus, when the stirrer begins to ramp down, the low-energetic dipoles remain trapped and due to dissipation they gradually spiral to the axis of the trap. If the barrier rotation rate is well above a threshold, several vortices enter into the central hole and form bound pairs with anti-vortices from the central hole. Finally the vortex-antivortex pairs jump out of the condensate. The total charge of the escaping vortex dipole is equal to zero, but each time an external vortex enters the condensate it adds one unit of topological charge to the global persistent current. In the example labeled SV2 in Fig. 6 (see the Supplemental Material for an animation) the final state corresponds to a two-charged persistent current.
To gain a better insight into the physical mechanism of the persistent current generation by a wide stirrer it is useful to consider the structure of the superflow just before a phase slip. The velocity field corresponding to Ω/2π = 3 Hz, U b = 1.3 kHz, t = 0.395 s is shown in Figs. 4 and 5. Note that within the weak link the direction of the azimuthal flow is opposite to the direction of the barrier rotation. It is remarkable, that a forward azimuthal flow appears well in advance of the persistent current formation. This specific feature of the multiply-connected superfluid was observed experimen-tally and explained qualitatively in Ref. [24] as follows: a low-density wake appearing directly behind the stirrer initiates two counter-propagating superflows: The first atomic flow tends to fill the low-density wake behind the barrier. Because the condensate wave-function must be single valued, the velocity circulation around any closed path is quantized: M v s dl = 2π m and the total velocity circulation vanishes for the state with zero winding number (m = 0). The second atomic flow occurs in order to cancel the velocity field of the atoms moving through the barrier.
The azimuthal distribution of the radial v r and tangential v ϕ velocities are shown in Fig. 5 . The superflow velocity v s has been extracted from the atomic flow |ψ| 2 v s = − i 2 (ψ * ∇ψ − ψ∇ψ * ) at three circles indicated in Fig. 4 (b) by dots. The blue dotted circle has the radius equal to the R (the toroidal trap radius). Two other circles correspond to the internal (red dots) and external (black dots) edges of the condensate in the region of the weak link [25] . It is seen from Fig. 5 that the superflow moves faster at the external periphery. Since the critical velocity for vortex nucleation is reached first at the outer edge of the condensate, a vortex enters into the weak link rather than an anti-vortex. As we pointed out above, the azimuthal velocity is positive (forward flow) far from the weak link, but v ϕ < 0 inside the weak link (backward flow). Note, that at the external edge of the condensate the velocity of the forward flow has the maximums just before and after the weak link. As it is seen from Figs. 4 and 5, radial velocity v r has the different direction at the external and internal edges of the weak link.
It is remarkable that for low rotation rate both a weak link (a barrier which is wider than the condensate annulus) [3] and a small (in comparison with the width of the annulus) stirrer used in Ref. [18] drive the phase slip by excitation of the vortex dipoles. However, the microscopic mechanisms of the phase slip are qualitatively different for these two cases. As was shown in Ref. [26] , a small stirrer at low rotation rate excites vortex-antivortex pairs near the center of the rotating barrier in the bulk of the condensate. Then the pair undergoes a breakdown and the antivortex moves spirally to the external surface of the condensate and finally decays into elementary excitations, while the vortex becomes pinned in the central hole of the annulus adding one unit to the topological charge of the persistent current.
It is interesting to compare the mechanism of the persistent current generation described in the present work with the inverse process of the persistent current decay under the influence of the tunable weak link, which was observed experimentally [1, 2] and investigated theoretically in the framework of the conservative mean field approximation [16, 17] and truncated Wigner approximation [27] . In Refs. [16, 17] vortex-antivortex annihilation within the weak link caused the phase slip and decay of the persistent current. In our simulations antivortex and vortex are nucleated from the inner and outer side, similar as it was observed in [16, 17] , but instead of annihilation with emission of a sound waves, in our dissipative dynamics the moving vortex dipole appears. The moving dipole plays a key role in the microscopic mechanism of the persistent current generation by slowly rotating weak link. Note that the role of the vortex dipoles in the process of the persistent current generation was pointed out in Ref. [28] , where the energy of the vortex dipole, which moves inside the rotating weak link, has been analyzed. In Fig. 6 the angular momentum per particle L z /N is shown immediately after the end of the stirring period (green crosses) and after additional 3 seconds (blue open circles). Here L z is z component of angular momentum:
In qualitative agreement with the experimental observations [3] the condensate is in a zero rotation state (m = L z /N = 0) for small Ω. When Ω reaches some critical value, m changes from 0 to 1 and remains constant until the angular velocity reaches the next critical rotation rate, where a transition to m = 2 occurs. Pronounced quantized phase slips are clearly seen for Ω/2π ≤ 4 Hz. The inset in Fig. 6 shows the energy per atom immediately after the stirring is stopped (t = 1.5 s). The well-defined energy spectrum for the states with different winding numbers m: E m = E 0 + δE m 2 proves that in these simulations the condensate relaxes to the metastable state during 1.5 s. Here E 0 is the energy of the ground state (m = 0). Note that the energy cost δE = E m=1 −E 0 for the transition from the ground state to the first excited state (corresponding to the phase slip 0 → 1) is in excellent agreement with prediction of the energetic stability analysis: δE ≈ E n (x 0 = 0) = 4.9·10 −3 N , where E n (x 0 = 0) is the nucleation energy of the vortex placed at the axis of the trap [see Fig. 2 (b)] , N is the total number of atoms. For higher angular velocities some integer-valued fluctuations appear in L z /N as the function of Ω. When Ω grows further the angular momentum increases on the average, however the specific value of L z /N at t = 1.5 s becomes quite unpredictable.
Under the conditions of the experiment [3] , the measured lifetime of the annular vortices is about 3 s; therefore, an annular vortex formed during the 1.5 s stirring procedure is clearly seen in TOF imaging. The number of annular vortices, detected in the experiment after the stirring procedure, increased for higher rotation rate. Obviously, in our simulations the annular vortices give a non-integer contribution to the winding number L z /N , thus for a rapidly rotating weak link an additional 3 s holding after the stirring procedure seems to be enough for relaxation of the condensate to a metastable state with m-charged persistent current.
As is seen from Fig. 6 at t = 4.5 s relaxation indeed happens, but irregular jumps of the winding number m as a function of Ω remain even after such a long-term evolution. Moreover, the angular momentum per particle does not reach an integer value for some long-term simulations, which means that the condensate is not yet relaxed to the metastable state. These odd features are the result of the complex dynamics of the annular vortices in the condensate with a rapidly rotating barrier. The point is that more energetic vortices are more longlife, since they penetrates deeper into the bulk of the condensate and interact with another annular vortices. For example, for the simulation labeled SV3 in Fig. 6 (see the Supplemental Material for the animation) one annular vortex moves back and forth from the inner to the outer side of the annulus periodically crossing the weak link. In the simulation labeled SV3 by pure accident the vortex appears to be in the central hole of the toroidal condensate, when the rotating potential barrier was ramping down and the weak link closed. Thus, the winding number in this simulation is one unit above the expected charge of the persistent current at this Ω.
An example for an evolution with anomalously long relaxation time is marked SV4 in Fig. 6 (see the Supplemental Material for an animation). In this simulation two positively charged vortices remain deep in the bulk of the condensate, while all other vortices nucleated by the stirring beam either decay at the external condensate edge or are pinned at the central hole of the ring. The remaining two vortices exhibit a very complex dynamics governed by the interaction between superflows induced by these vortices. After a long cooperative movement the first of the annular vortices escapes through the outer condensate edge, and only after that the second vortex progressively spirals to the outer periphery of the condensate.
We have performed a series of numerical simulations for various combinations of U b and Ω. To summarize our finding for slow rotation of the stirrer, we present in Fig. 7 the threshold for 0 → 1 phase slip in the plane of the weak link parameters: barrier height U b /h and Ω/(2π). The critical barrier height U b /h for each Ω shown in Fig. 7 was obtained with accuracy not worth than 5 Hz. In qualitative agreement with the experiment, the threshold barrier height increases when the angular velocity decreases. Particularly striking is that below a well-defined angular velocity Ω min /2π ≈ 0.58 Hz the phase slip does not occur at any barrier height U b . The value of minimal angular velocity appears to be close to predictions of Ref. [28] :
2 ) = 2π × 1.13 Hz is the rotational quantum. It turns out that formation of the m = 1 persistent currents becomes energetically unfavorable for Ω < Ω min . 
B. Rapidly rotating weak link
For higher angular velocities of the rotating barrier the mechanism of the phase slips is quite different. To get a better insight into the mechanism of the excitation of the vortices in the 3D toroidal condensate, it is useful to consider 2D excitations of the annular condensate. As is well known, in the annular geometry the radial degrees of freedom lead to specific features of the excitations, such as inner and outer edge surface modes investigated previously for 2D case in Refs. [29, 30] . The critical frequency can be obtained by an analysis of small azimuthal perturbations around the stationary state. Alternatively, it may be obtained from a simple surface model [30] Ω c /ω r = √ 2µ 1/6 /(R+∆R/2). Both approximations give practically the same result: Ω c /2π ≈ 17.14 Hz for the parameters of our model.
In our 3D dynamical simulations we observed that if the angular velocity is above Ω c , surface waves indeed develop at the external surface of the annulus in the region of the weak link (see Fig. 8 ). The corresponding surface wave breaks and vortices subsequently enter the bulk of the condensate. But it turns out, that the ripples at the outer edge of the weak link develop also below Ω c and we have not observed a well-defined threshold angular frequency for transition to the regime with external surface modes. The number of annular vortices and the topological charge of the supercurrent rapidly increase with Ω, so that the dynamics of the vortices becomes quite irregular. The complex dynamics of the vortices is governed by condensate inhomogeneities, dissipation effects, and by the interplay between condensate flows corresponding to other vortices. An example of the time evolution of the toroidal condensate for very large Ω is shown in Fig. 8 .
It is remarkable, that highly-charged persistent currents, which are generated by the stirring procedure can be unstable with respect to serial emission of vortex lines. During such an emission process a vortex line spirals out from the central hole of the toroid through the bulk of the condensate without weak link. It is interesting to observe that the series of the vortex emissions begins usually for a long-term evolution, when the bulk of the condensate is already clear of vortices (see Fig. 8 ).
Note that an internal surface wave develops before the emitted vortex penetrates into the bulk of the condensate from the central hole. The persistent current, which is prepared by stirring with rotating weak link, is not exactly in a metastable state, which corresponds to mcharge vortex line at the trap axis. Obviously, it has an additional energy stored in the bound off-set vortices, which are trapped in the central hole. This energy could be transferred first to the collective inner surface modes and then to the emitted vortex, which induces the phase slip. Indeed, as is seen from Fig. 8 for t = 2 .52 s, a highlycharged persistent current can be unstable with respect to excitations of the internal surface waves, and a spiraling annular vortex appears when the internal surface wave significantly grows and then breaks.
V. DISCUSSION AND CONCLUSIONS
Our theoretical results are in qualitative agreement with the experimental findings: the threshold angular velocity decreases, when the barrier height increases. However, comparison of the two experimental series for the fixed barrier height U b with Fig. 7 shows that theoretically predicted Ω is significantly higher than experimentally measured angular velocity for the phase slip 0 → 1. A considerable discrepancy between the experiment and theoretical results obtained in the framework of 3D dissipative GPE was also reported in Ref. [28] for the hysteresis effect in toroidal condensate. It was assumed in Ref. [28] that more sophisticated model, which includes a variation of the chemical potential with time could resolve this description. As we described above, our model properly describes variation of the chemical potential with time and reproduces a typical experimental decay rate of the number of atoms with time. Nevertheless, the calculated threshold values of U b and Ω do not meet a quantative correspondence with experimental measurements of Ref. [3] .
More theoretical and experimental work is needed to reveal the physical mechanisms, which are not taken into account in a simple dissipative mean-field theory. In accordance with experimental conditions, we assume that the temperature of the condensate is well below the condensation temperature T c , thus vortices are only weakly affected by thermal noise. Numerous experimental and theoretical investigations demonstrated, that the dissipative GPE correctly describes the averaged dynamics of the vortices in single-connected and toroidal condensate when T ≪ T c . However, the stochastic thermal fluctuations could significantly increase the probability of the phase slips, when the weak link suppresses the potential barrier for vortices in the ring-shaped condensate. The influence of the thermal fluctuations on the excitation and dynamics of the vortices in a toroidal trap with a rotating weak link merits a separate study. The reported in experiments shot-to-shot atom number (and, probably, temperature) fluctuations as well as considerable impurities in the condensate density distribution also need a detailed analysis.
We believe that the mechanism of the phase slips, described in the present work, can be similarly observed in toroidal BECs in the hysteresis regime [28] and in multijunction atomic circuits [4] .
